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The main question
For an SDE

dXt = /J,(t, Xt)dt + U(t, Xt)th
Xo = Xo,

We say that a discrete time approximation X™, where m are the
time steps, converges strongly with order v > 0 at time T if

E|X7 — XP| < cm™.

Classical result tells us that if i and o are Lipschitz continuous and
have sub-linear growth we have v = 1/2, and if u,0 € R, we have
¥ = 0. [24, Kloeden & P/aten].

How much can we break the regularity of ;1 and o and have
convergent numerical methods?



Main aims

e Convergence rate of the Euler-Maruyama (EM) scheme for SDEs
with distributional coefficients.

e Convergence rate of the Euler-Maruyama (EM) scheme for
McKean-Vlasov SDEs with distributional coefficients.

® |Implement said numerical methods and compare the empirical and
theoretical rate.
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Setting

We study the SDE

dXt == b(t,Xt)dt + th
Xo = xo,

e where the drift b € CY/2([0, T]; C"P(R)) for 0 < 8 < 1/2,

® and W; is a one-dimensional Brownian motion and xg € R.

We concern ourselves with the theoretical analysis of numerical
schemes and the implementation of said schemes.
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t t
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® where v is the solution to

vt—l—%vxx—i—bvxz)\v—b
v(T)=0.
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We then define an auxiliary process Yy = v(t, X;) + X:.
® Denote ¢(t,x) = u(t,x) + x.

The function ¢ has a space inverse 1), and we see that
Xt — ¢(7 Yt)
Prove that 1) is 2-Lipschitz and then we can use

Yi=y+ )\/Ot v(s, (s, Ys))ds + /ot (vx(s,9(s, Ys)) + 1) dWs,

which is a classical SDE.
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How to numerics...

® Two step approach:

® Approximate the solution to the SDE X; with a regularised SDE XV
with drift bV = p1/n * b.
® Create a numerical approximation XtN’"' of the regularised SDE.

e Convergence rate r(f) = m
2

° |imﬁ¢0 I’(ﬁ) = %
® limgz r(8) =0.

® \We have an error bounded as

EIXM™ - X,| < em™"(®)
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The McKean-Vlasov SDE (MVSDE) which concerns us is

dXt = F(V(tht))b(t,Xt)dt+ th
Xo ~ (.

Where F is a non-linear function,

v(t,-) is the law density of X,

1 is a probability distribution,

and b is as in the linear SDE, i.e. b € CY/2([0, T]; C~#(R)) for
0<pB<l1/2
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Here we use an approach similar to the one for the linear case.
Instead of using propagation of chaos results.

It is proved by [21, Issoglio & Russo| that in this case X; has a law
density which is the weak solution of the Fokker-Planck PDE

{8tp = %8xxp - ax(pF(p)b)
p(0) = po

Provided we can solve this, we can use similar techniques as for the
linear case.

The PDE is one dimensional so we opt to solve it numerically.
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Numerical implementation

e The trick of our implementation is in the choice of b.

e \We select the drift to be b = 9yB € C~# for some function
B e C'5
® The smoothed drift is bV = py*b=p1 0B = Oxp% * B.
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Numerical implementation

Our choice of the function B is a path of a fBm B* where
0<H<L.
The advantages of using an fBm are twofold:

@ Having a function that is rough in a whole interval.
@ The regularity properties of fBm allow us to identify the space
where the drift lives.

For the McKean SDE we have to additionally find out pV.

Since the PDE is one-dimensional we can get away with solving it
directly.
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For the McKean-Vlasov SDE

Action of F(v¥) on b¥
Function b

b for N =2448
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Law density as obtained by solving FPE for b
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Function bV compared to fBm with Hurst coefficient H = 1/2 — ¢ and
F(x) = sin(x) displaying the effect of the law of the process.



Theoretical, empirical and hypothetical rates
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Comparison of the empirical convergence rate for McKean-Vlasov SDEs
with respect to different 5 and with hypothesis rate extending [11,
Dareiotis, Gerencsér & Lé|.
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Conclusion and future work

e We get a bound for the convergence rate of SDEs with
distributional drifts driven by a standard Brownian motion

® The convergence rate obtained is at least 1/6 close to the
measurable case and 0 for the limit case of the regularity.

® Explore the usage of the stochastic sewing lemma as done by [18]
to get the optimal rate of convergence.



Thank youl!
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